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ABSTRACT: Theobject of thispaper isto obtain a common unique fixed-point theorem for four continuous
mappingsin Hilbert Space using rational inequality. Our result generalizestheresults of P.V. Koparde and
D.B. Wagmode.

Keywords: Hilbert Space, common fixed point.

Mathematics Subject Classification: Primary 47H10, Secondary 54H25.
I.INTRODUCTION

Kannan [3] proved that a self mapping T on complete metric space (X,d) satisfying the condition

d(x,y) £ af{ d(x,TX)+d(y,Ty)} for dl x,y inX where 0 < « <§ has a unique fixed in (X,d).

Koparde and Waghmode [5] have proved fixed point theorem for a self mappings T on a closed subset S of Hilbert
space H, satisfying the Kannan type condition

Tx=Ty|*< a{||x—Tx|| “+|y-Ty| 2} foral x, yin Swithx# yand 0<« < %
Koparde and Waghmode [5] also extended this result to the pair of mappings T, and T, satisfying the Kannan type
condition [T,x =T, y| < a{Hx -TX| %+ |y - TLy| 2} forall x, yin Swithx # yand 0< « <% and to their

power p,q are some positive integers

In this paper we present a common fixed point theorem for rational inequality involving self mappings. For the
purpose of obtaining the fixed point of the four continuous mappings. we have constructed a Cauchy sequence and
have shown its convergence to the fixed point.

[I.MAIN RESULT
Theorem . Let Ty T,, Tzand T, be four continuous self mapping of a closed subset S of a Hilbert space H

satisfying TLT,=T,T,adT, T, =T,T, (1)

T(H)OT,H)  C
LHOTH) £ @
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Tx-Ty +HTy-Tx B
Tx-T, Sa%l 3 22 L BITX-T.
Rt

wheeq, 20 ad 2o+p5<1

...(3)
Then T, T, ,Tzand T, has aunique common fixed point.

Proof: Let X L] Shy (2) there exists X [] Ssuch that Ty% = T;X, and for this point X; we can choose a point
X, JS: T,x= T,X, andsoon.

Continuing in this manner, we can choose a sequence { yn} in H such that

Yon = Bona =%
Yo = Wz = X, ‘N=0123..

From (3)

” y2n - y2n+1

= ||T1X2n ~ Ty %0

2"'”szz 1_T4X2 ”2E
= e BT % = Tk,
Tt T o ATk T

< |T1X2n _T3X2n+1
E ||T1X2n _T3X2n+l

2 2
—_ + —_
<q Yon _3/2n+1 Y2n+1_y2h—1 %'ﬂym—l_yzn
EHYm y2m1H+Hym+1 YzﬂH g

<0t Yo = Yo 8] Yors = Yo

B

0 (1-@)|Yon = Yonua| S @+ B)|Yana = Yan
3 [an = Yaneal < G2 Yara = vl
It k:%<l (. 2a+ A <)
O ||y2n - y2n+1|| = k||y2n—1 - Y2n|| (4
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Now HyZn—l_yZnH =HT2X2"|—1 _Tlme
=W T

T T H s~ Tl O
Sa@l 2 G+ BT — T,
B s (12

2 2

Yon=Yon 2|~ HYora =Yond] H
Sa@ a _2n—2 H 2n—1_ ZHH D*‘,BHsz‘YZAH
@Hyzh y2n—2H+HYZ"|—1 y2n—lH =

<a Hym—yz«rzH "‘,BH)/mz_ymlH
0 (1~a) |Yona = Yon| < (@ + B[ Yan2 = Yon]
O HY2n-1 - yZnH = kHyZn—Z - y2n—1” --(5)
From (4) and(5)

HyZn - y2n+1H <k? HyZn—Z - y2n—1”

...(6)
Hencefor n =0,1,2,3,...
[¥n = Yot < K[ Yo = Vi
From (6)

[V = Yo < K[ Yo = Wil
Now consider for positive integer, we have

yn - yn+p yn - yn+l + yn+1 - yn+2 + yn+2 + "'yn+ p—- - yn+p
< ||yn - yn+1|| +||yn+1 - yn+2|| ..t yn+p—— - yn+p

S (K"+ K"+ KT Py, =

kn
1_k||YO_y1” -~ 0asn — oo

Therefore { yn} is a Cauchy’s sequence in S i.e. in H and so sequence {yn} convergesto some U L1 S.

Therefore the sequences {T3X2n +1} ,{T1X2n} ,{T4X2n +2} and {T2X2n +1} are also converges to some u.
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Now from (1) T,, T, ,Tzand T, are continuous for

From (1)

Now we will show that u is common fixed point of T, and Tj.

Consider
HTlu - UH = HTlu “Yonia T Yo~ UH
< MU= Yo +]Yanea =]
< T =ToXonaa| + [ Yonss Y|
U™ %0 "+ T Xona T, i E
o e 7 o M
<0 TU= Y|+ Ya =T +Yia =)+ Yo =T+ Yo~
<2ofTu=U +Aju-Ty+ju- &n e
0{1-Qa+p)} [Tu-u| <0
0 Tu-ul=0
U Tu=u

ThisgivesT,u=Tau=u i.e uisfixed. Similarly we can show that T, u = Tz u = u so that u is common fixed point
of T, T, ,Tzand Ty.

Corollary:
Let T, T, and T3 be three continuous self mapping of aclosed subset Sof a Hilbert space H satisfying

=TT adT,T,=T,T,

T,(H) OT,(H)
T,(H) OT,(H)

OO
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x-Tyl HTy-TX’

TX-TV<ax
eyl

%I-ﬂTgx_-I;j whaeq, =0 ad 20+8<1

0 [ix-Ty <o Tx-TyHTy-To} weea=0 ad o<1

Then T,, T,, and T3 has a unique common fixed point.

[1l. CONCLUSION

In this paper we replace Kannan inequality by rational inequality The theorems proved in this paper by using
rational inequality is improved and stronger form of some earlier inequality given by Kannan [3], Koparde and
Waghmode [5]. We have obtained a unique fixed point for four continuous self mapping satisfying rational

inequality.
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